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Abstract

We present a generalized theory relating the helix tilt angle in a bilayer to lipid disorder. In doing so, we consider a theory performed

earlier [Biophys. Chem., 86 (2000) 79] and generalize it within a nonextensive formalism. The generalized theory provides a method to

compare the rotational barriers for different helices in lipid bilayers, accounting for long-range interactions via a parameter which is called

‘‘entropic index’’. The results obtained could lead to point out future experiments which might shed light on lipid–protein interactions.

D 2004 Published by Elsevier B.V.
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1. Introduction alized theory which is useful to study the systems having
Transmembrane helical proteins and their phospholipid

bilayer have been investigated theoretically [1–4], compu-

tationally [5–10] and experimentally [11–23]. Also, some

experiments have shown that many properties are influenced

by the lipid–protein interactions, for example, the helix tilt

angle [11,12], the activity of lactose permease [11], the

folding rate of bacteriorhodopsin [14], lipid disorder [15–

17] and dynamics [18], the bilayer thickness [19]. However,

theoretical studies have imposed on either the phospholipid

bilayer [1] or the general phase behaviour of the lipid–

protein system [2,3], and less emphasis has been placed on

the protein [4]. Therefore, a mean-field theory on helices in

a bilayer has been presented in Ref. [24] where the angle

between the helical axis and the bilayer normal has been

noticed. In this manner, a comparison has been made

between experimental and theoretical results for lactose

permease in Ref. [24] and it has been noted that the

agreement has deteriorated towards higher values of the

average disorder parameter of the lipid bilayer, which could

be due to interactions neglected in the Hamiltonian. There-

fore, in this study, we would like to present a new gener-
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long-range interactions. In this sense, it could be possible to

improve the standard theory.

We organise the paper as follows: First, we summarize

the standard mean-field theory and a nonextensive formal-

ism which is called Tsallis formalism. Then we generalize

the standard theory and finally, the variation of the tilt angle

between the helical axis and the bilayer normal with the

average disorder parameter of the lipid bilayer is plotted for

some values of the entropic index, coming from the defini-

tion of Tsallis statistics. The system considered in Ref. [24]

is illustrated in Fig. (1). A helix is represented as a cylinder.

h is the tilt angle between the helical axis and the bilayer

normal. The system is cylindrically symmetric. So the

thermal average of the helix tilt angle is given by

hhi ¼

Z p

0

sinhhexpð�H=kTÞdhZ p

0

sinhexpð�H=kTÞdh;
ð1Þ

where H is Hamiltonian of the system, k is the Boltzmann

constant and T is the absolute temperature. In analogy with a

polymer in an orientation field [25], it has been proposed for

the Hamiltonian of the system:

H ¼ � ahSlipidicosh ¼ �chSlipidicosh; ð2Þ

kT



Trfq̂ g

Fig. 1. The structure of the helix, which is represented by a cylinder. The

lipid bilayer spreads along the x_y plane.
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where a = c/kT and c is a positive constant whose magnitude

depends on the protein. c can be determined by fitting to the

experimental results, and is related qualitatively to how

much energy is needed to rotate the helix in a bilayer.

hSlipidi is the average disorder parameter of the lipid bilayer

[26] that can be evaluated from NMR [26] or IR [11]

spectroscopy, independently of c.
The motivation of Eq. (2) was described as follows: the

cosine function ensured that h = 0, so that it modelled the

energetic cost from the disturbing of lipid packing [6] and

discouraged the helix from flipping across membrane.

hSlipidi was included because disturbing an ordered bilayer

is likely to require more energy that disturbing a disordered

one. As a first approximation, hSlipidi was used instead of

the lipid disorder around the helix because hSlipidi was more

accessible experimentally. Below the gel–fluid transition

temperature (Tc), the bilayer may have more than one order

parameter [27]. This possibility is not explicitly accounted

for in Eq. (2), so the analyses was restricted to cases where

the temperature is above Tc, or to comparative studies

between two peptides in the same phospholipid at similar

temperatures.

Using functions other than the ones in Eq. (2) could be

needed for lipid–protein interactions. As mentioned in [24],

if no satisfactory fit could be found with c being a constant,

the standard theory is clearly deficient. In this study, we take

into account for the other terms inserting a parameter called

‘‘the entropic index’’ mentioned later, by using Tsallis

statistics. So there are two parameters, c and the entropic

index, to be fitted to experiment. We must emphasize at this

stage that the entropic index parameter controls only the

long-range interactions. Some additional comments about

the standard theory were: although the theory has been

formulated for a single transmembrane helix, it can be used

to analyze transmembrane proteins with multiple helices.
The average tilt angle for all helices in the same protein has

been investigated in [24]. However, the value obtained for c
will then be an average over all different helices in the

protein, and may not be meaningfully compared to the value

obtained from samples of identical helices. The integration

in Eq. (1) accounts for the orientation entropy of the helix

and so it could not represent the real system. Because Eq.

(2) is chosen somewhat arbitrarily, the significance of c will

only be qualitative.

Now we give the definitions of Tsallis statistics, as well

as its axioms.

In 1988, Tsallis proposed a q-dependent entropy func-

tional [28] which generalizes the standard Boltzmann–

Gibbs definition, to include non-extensive systems. In this

formalism, q is called the entropic index, and it is a measure

of the nonextensivity of the system. A few years later,

Curado and Tsallis revised the formalism introducing the

unnormalized constraint to the internal energy and showed

that from this entropy functional a nonextensive thermo-

statistics could be derived [29]. This generalization included

the classical thermostatistics (Boltzmann–Gibbs statistics)

which could be recovered when q! 1. After Curado and

Tsallis [29], this formalism has been successfully applied to

some physical systems, where Boltzmann–Gibbs statistics

is known to fail. Some of them could be given such as: self-

graviting systems [30,31], turbulence [32–35], anomalous

diffusion [36–39], velocities of galaxies [40], solar neutri-

nos [41], liquid crystals and dimers [42–45] and thermal

desorption [46,47].

In spite of these successes, some drawbacks were iden-

tified in the early formalism: (i) the density operator was not

invariant under a uniform translation of energy spectrum,

(ii) energy was not conserved, (iii) the q-expected value of

the identity operator was not equal to unity. In a recent

study, Tsallis et al. [48] circumvented these difficulties

introducing the normalized constraint to the internal energy

of the system.

Tsallis entropy is defined to be [28,29,48]

Sq ¼ Trfq̂qŜqg ¼ k

1� q
½Trfq̂qg � 1�; ð3Þ

where

Ŝq ¼ �klnqq̂ ð4Þ

and k is a positive constant. The generalized logarithm is

given by [49]

lnqx ¼
ðx1�q � 1Þ

1� q
: ð5Þ

The corresponding density operator q̂ can be determined

from the maximization of the Sq imposed to q-normalized

constraint [48],

Uq ¼
Trfq̂qĤg

q
; ð6Þ



Fig. 2. The dependence of the helix tilt angle hui on the average disorder

parameter hSlipidi of the lipid bilayer for various values of the entropic index
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and the normalization of density operator Tr{q̂} = 1, result-
ing in:

q̂ ¼ 1

Zq
1� ð1� qÞ b

Trfq̂qg ðĤ � UqÞ
� � 1

1�q

; ð7Þ

where Zq is the generalized partition function and given by

Zq ¼ Tr 1� ð1� qÞ b
Trfq̂qg ðĤ � UqÞ

� � 1
1�q

( )
; ð8Þ

where b is the Lagrange parameter associated to internal

energy constraint [48,50]. Notice that Eq. (7) is invariant

under a uniform translation of the energy spectrum, i.e., the

thermodynamic properties do not depend on the choice of

the zero of the energy spectrum. In this case, the entropy

has a well-defined concavity for any q value being concave

for q>0 and being convex for q < 0. Another interesting

relation is

Trðq̂qÞ ¼ Z1�q
q ;

which can be obtained using Eqs. (7) and (8). Furthermore,

in Eq. (7), when (1� (1� q)bZq
1 � q(En�Uq)) V 0 ({En}

represents the set of eigenvalues of Hamiltonian Ĥ), we

take q(En) = 0, which is known as cut-off condition, in order

to retain a consistent probabilistic interpretation. In these

expressions, the Lagrange multiplier b = 1/kT is associated

with the constraint Uq. The q parameter is a measure of the

nonextensivity of the system under consideration, and in the

q! 1 limit the standard statistical mechanics is recovered.

If the entropy Ŝq is defined as proposed in Ref. [51]

Sq ¼
Trfq̂qŜg
Trfq̂qg ¼

k 1� 1
Trfq̂qg

h i
1� q

; ð9Þ

the density operator q̂ can be determined in a similar way as

above:

q̂ ¼ 1

Zq
½1� ð1� qÞbTrfq̂qgðĤ � UqÞ�

1
1�q ; ð10Þ

Zq ¼ Tr ½1� ð1� qÞbTrfq̂ qgðĤ � UqÞ�
1

1�q

n o
: ð11Þ

In this case, the entropic index q is allowed to the interval

0V qV 1 and the entropy exhibits concavity. The density

operators emerging from Eqs. (8) and (11) can be rewritten as

q̂ ¼ 1

ZqV
½1� ð1� qÞb*Ĥ �

1
1�q ; ð12Þ

ZqV ¼ Tr 1� ð1� qÞb*Ĥ

 � 1

1�q

n o
; ð13Þ

where

b* ¼ b
1

Trfp̂qg þ ð1� qÞUqb
: ð14Þ
Eq. (14) corresponds to the normalized Tsallis entropy. We

suggest that the effective temperature is T= 1/kb* and thus

the density operator becomes independent of the initial

entropy functional.

Then any normalized q-expectation value of any observ-

able Ô is calculated by

hÔiq ¼
Trfq̂qÔg
Trfq̂qg ð15Þ

in Tsallis statistics.
2. Results and discussion

We apply the generalized theory to lactose permease, a

12-a-helices protein that catalyses h-galactoside: H+ sym-

port [11]. Both hhi and hSlipidi had been determined at 293

K, and various protein concentrations in a phosphatidylgly-

cerol/phosphatidylethanolamine bilayer [11]. Fig. (2) shows

the effect of the nonextensivity on the variation of hhiq with
hSlipidi for various values of q. The average of the tilt angle
has been calculated by Eq. (15).

The curve for q = 1 represents the standard theory in Ref.

[24]. Although the q = 1 curve seems to be appropriate at

least the general features of lipid–helix interactions and to

be useful for other lipid–helix systems, the agreement

between the theoretical and experimental values for q = 1

deteriorated towards higher values of hSlipidi. As mentioned

by the author in Ref. [24], this could be due to interactions

neglected in Eq. (2). Thus, the cases with q p 1 could be

useful to study the systems like this. However, we must note

that the number of experimental data is so few that the

results obtained by employing the generalized theory might

not be reliable. Nevertheless, we could agree with the author

in Ref. [24] that neglecting the other terms in Hamiltonian

could be responsible for the disagreement towards higher
q with g= 7.2. The circles represent the experimental data taken from [11].
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values of hSlipidi and the standard theory could be improved

employing the nonextensive formalism, namely Tsallis

statistics, for various values of q. It is interesting to note

that as q increases, the helix tilt angle decreases with hSlipidi.
Taking q values different from unity means that we are

taking into account the long-range interactions. We must

also note that so far there have been no evidence whether the

systems like the ones considered in Ref. [24] and in this

study are nonextensive or not.

The nonextensivity appears in systems where long-range

interactions and/or fractality exist, and such features have

been invoked in recent models of manganites [52,53], as

well as in the interpretation of experimental results. They

appear, for instance, in the work of Dagotto et al.’s [54],

who emphasize the role of the competition between differ-

ent phases to the physical properties of these materials.

Various authors have considered the formation of micro-

clusters of competing phases, with fractal shapes, randomly

distributed in the material [55,56], and the role of long-

range interactions to phase segregation [57,58]. In recent

studies, Reis et al. [52,53] pursued based on theoretical and

experimental results [17,21] that manganites are magneti-

cally nonextensive materials. Thus, we also point out, from

another point of view, that future experiments could shed

light whether nonextensivity appears in proteins and similar

ones.
3. Conclusion

The standard theory presented in Ref. [24] provides a

method to compare the rotational barriers for different

helices in lipid bilayers. It has been pointed out there that

future possible experiments could shed light on lipid–

protein interactions. In this study, we give possible contri-

butions of the terms to Hamiltonian given by Eq. (2), using

a nonextensive statistics. Also, we would like to open a

discussion whether proteins and similar systems exhibit

nonextensivity or not. A first attempt has been recently

made in Ref. [43] where the effects of the nonextensivity on

the dimerization process have been investigated by using

Tsallis thermostatistics. Therefore, some extentional studies

of similar systems in which one employs Tsallis statistics

could be expected.
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